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In representation theory of finite groups, there is a well-known and important
conjecture due to M. Broue. He has conjectured that, for any prime p, if a finite´
group G has an abelian Sylow p-subgroup P, then the principal p-blocks of G and
Ž .the normalizer N P of P in G are derived equivalent. Let q be a power of aG
Ž .prime such that q ’ 2 or 5 mod 9 . In this paper we show that Broue’s conjecture´
Ž . Ž .is true for p s 3 and for G s PSL q and G s PSL q . In these cases, G has4 5
elementary abelian Sylow 3-subgroups of order 9. What we prove here is the
Ž .following. In the case G s PSL q all the principal 3-blocks of G are Morita4
Ž . Ž .even Puig equivalent independently of infinitely many q. In the case G s PSL q5
Ž .all the principal 3-blocks of G are Morita even Puig equivalent to the principal
Ž .3-block of N P independently of infinitely many q. Q 2000 Academic PressG
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0. INTRODUCTION AND NOTATION
In representation theory of finite groups, one of the most important
w xproblems is to solve a conjecture given by M. Broue 2, 3 . Broue has´ ´
conjectured the following:
Ž . w x0.1 Conjecture 2, 6.2. Question, 3, 4.9 Conjecture . Let G be a finite
group with Sylow p-subgroup P, where p is a prime number, and let
Ž .H s N P , the normalizer of P in G. Then, it is true that the principalG
p-blocks of G and H are derived equivalent provided P is abelian?
Ž .We have known only several cases where the Broue conjecture 0.1´
Ž w x.holds see 3, p. 15, 29, 21, p. 136 . Thus, it seems meaningful to give
Ž .examples of G such that the Broue conjecture 0.1 holds.´
Ž .The purpose of this paper is to prove that the Broue conjecture 0.1´
holds in some cases where p s 3 and Sylow 3-subgroups of G are
elementary abelian of order 9.
Ž .We fix a finite group G and a prime number p. Let K, O, F be a
splitting p-modular system for all subgroups of G; that is, O is a complete
Ž .discrete valuation ring with unique maximal ideal J O , K is its quotient
Ž .field of characteristic zero, and F is its residue field OrJ O of character-
istic p, and we assume that K and F are both big enough such that they
Ž .are splitting fields for all subgroups of G. We write B RG for the0
Ž .  4principal block ideal of the group algebra RG for R g O, F .
Ž . Ž .The strategy of this paper is the following. Let G be GL q or GL q4 5
Ž . Ž . Ž .for the same q as above, and let P g Syl G , A q s B FG , and3 0
Ž w Ž .x.B s B F N P . Note that P ( C = C , elementary abelian of order 9,0 G 3 3
Ž .and B ( P : D as in 0.2 below, so that B does not depend on q, though8
Ž . Ž .A q does. We first show that A q and B are stably equivalent of Morita
w xtype by a result of Broue 3 . Then, we show that, for any simple FG-mod-´
Ž .ule S in A q , the Green correspondent of S is uniquely determined
w xindependently of q. Therefore, we can apply a result of Linckelmann 25
Ž . Ž .to know that all A q ’s are Morita even Puig equivalent independently
of q.
We prove the following:
Ž . Ž .0.2 THEOREM. Let p s 3, and G s PSL q for a power q of a prime5
Ž . Žsuch that q ’ 2 or 5 mod 9 so that a Sylow 3-subgroup P of G is
. Ž . Ž .elementary abelian of order 9 . Let H s N P . Then, B OG is MoritaG 0
Ž . Ž . Ž . w xe¤en Puig equi¤alent to B OH . Note that B OH ( O P : D , where0 0 8
P : D is the semi-direct product of P by the dihedral group D of order 88 8
Ž .whose action on P is faithful, so that B OH is uniquely determined0
independently of q.
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Ž . Ž . Ž .0.3 THEOREM. Let p s 3, and G s PSL q for the same q as in 0.2 .4
Ž . Ž . Ž .Then, B OG is Morita e¤en Puig equi¤alent to B OA , where A is the0 0 8 8
Ž Ž ..alternating group on eight letters note A ( PSL 2 .8 4
Ž . w xBy combining 0.3 and a result of Okuyama 29 , we get the following.
Ž . Ž . Ž .0.4 COROLLARY. Keep the notation as in 0.3 , and let H s N P .G
Ž . Ž .Then, B FG and B FH are deri¤ed equi¤alent, so that the Broue´0 0
Ž .conjecture 0.1 o¤er F holds in this case.
Ž . Ž .0.5 Remark. We use the notation as in 0.4 . If a derived equivalence
between the principal blocks of OA and OH exists, then the Broue´8
Ž .conjecture 0.1 holds over O for the case that p s 3 and G is the same as
Ž .in 0.3 .
Throughout this paper we use the following notation and terminology.
In this paper, modules always mean finitely generated right modules,
 4unless stated otherwise. Let R g O, F , and let A be an R-algebra. Then,
= Ž .1 , A , and J A , respectively, denote the unit element, the set of allA
units, and the Jacobson radical of A. We denote by mod-A the category of
finitely generated right A-modules. Let M be an A-module. We denote
Ž . Ž .by Soc M and P M , respectively, the socle and the projective cover
Ž . Ž .of M. We write j M for the Loewy length of M, and we write L Mi
Ž . Ž wand S M for the ith Loewy and socle layers, respectively see 24, pp.i
x. Ž .25]26 . When M is uniserial with L M ( S for each i, we writei i
Ž . Ž .M s U S , . . . , S . We denote Hom M, R by M*. Let A s RG, and1 jŽM . R
Ž . Ž . Ž .let H be a subgroup of G. We write Scott H , P M , and V M forG H H
Ž w x. Ž .the Scott module for H in G see 27, Chap. 4, Sect. 8 , the relatively
Ž .H-projective cover and the relatively H-projective Heller functor of M,
respectively. We denote by I or R the trivial RG-module. Let X and Y,G G
respectively, be an RG-module and an RH-module. We write X x H for
the restriction module of X to RH, and Y ›G for the induced module
w xGY m RG. Let X 9 be another RG-module. We write X, X 9 forR H
w Ž .x Ž . Ž . 4dim Hom X, X 9 if R s F. Let D H s h, h g H = H ‹ h g H .F F G
w xFor another notation and terminology we follow the book of Feit 8 .
Ž .1. 3-MODULAR REPRESENTATIONS FOR C = C : D3 3 8
In this section we deal with 3-modular representations for the semi-di-
rect product of C = C by D .3 3 8
² : ² :Notation. Let x and y be the cyclic groups of order 3 generated by
² : ² : ² :elements x and y, let X s x , and let P s x = y ( C = C . Let3 3
D be the dihedral group of order 8 generated by elements u and ¤ such8
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2 4 y1 y1 ˜² :that D s u, ¤ ‹ u s ¤ s 1, u ¤u s ¤ . Let H s P : D be the8 8
semi-direct product of P by D , such that uy1 xu s y, uy1 yu s x, ¤y1 x¤ s8
2 y1 ˜ 2² : ² :y , ¤ y¤ s x. Let N be a semi-direct product of x by u¤ , ¤ , so that
˜Ž .N ( C : C = C . We use the notation I , 1 , 1 , 1 , 2 for simple FH-˜3 2 2 H 1 2 3
Ž .modules as in 1.2 below.
˜Ž .1.1 LEMMA. The ordinary irreducible characters of N ha¤e the following
¤alues.
no. elt’s class elt I 1 1 1 2 2N˜ 1 2 3 1 2
1 1 A 1 1 1 1 1 2 2
1 2 A u¤ 1 y1 1 y1 2 y2
23 2 B ¤ 1 1 y1 y1 0 0
33 2C u¤ 1 y1 y1 1 0 0
2 3 A x 1 1 1 1 y1 y1
2 6 A u¤x 1 y1 1 y1 y1 1
˜Ž . Ž .1.2 LEMMA. i The ordinary irreducible character table of H is the
following.
no. elt’s class elt I 1 1 1 2 4 4 4 4H˜ 1 2 3 1 2 3 4
1 1 A 1 1 1 1 1 2 4 4 4 4
29 2 A ¤ 1 1 1 1 y2 0 0 0 0
6 2 B u¤ 1 1 y1 y1 0 2 y2 0 0
6 2C u 1 y1 1 y1 0 0 0 2 y2
4 3 A x 1 1 1 1 2 1 1 y2 y2
4 3B xy 1 1 1 1 2 y2 y2 1 1
18 4 A ¤ 1 y1 y1 1 0 0 0 0 0
12 6 A u¤x 1 1 y1 y1 0 y1 1 0 0
12 6B uxy 1 y1 1 y1 0 0 0 y1 1
˜Ž .ii The decomposition matrix of H for a prime 3 is
I 1 1 1 2H˜ 1 2 3
I 1 ? ? ? ?H˜
1 ? 1 ? ? ?1
1 ? ? 1 ? ?2
1 ? ? ? 1 ?3
2 ? ? ? ? 1
4 1 1 ? ? 11
4 ? ? 1 1 12
4 1 ? 1 ? 13
4 ? 1 ? 1 14
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˜ ˜Ž . w xiii I › H ( F HrP ( I [ 1 [ 1 [ 1 [ 2 [ 2.˜P H 1 2 3
˜Ž .iv The Loewy and socle series of the projecti¤e indecomposable FH-
modules are
I 1 1 1 2H˜ 1 2 3
2 2 2 2 I 1 1 1H˜ 1 2 3
I 1 1 1 1 I 1 1 I 1 1 1 2 2 2˜ ˜ ˜H 1 2 1 3 H 2 3 H 3 1 2
2 2 2 2 I 1 1 1H˜ 1 2 3
I 1 1 1 2H˜ 1 2 3
˜Ž . Ž .1.3 LEMMA. i x › H s x q x q x .I I 1 4˜ ˜N N 1 1
˜ ˜Ž . Ž . Ž . Ž .ii Let M s I › H. Then, M s Scott N s Scott X s P I ,˜ ˜ ˜ ˜N H H X H
Ž . Ž . Ž .and M satisfies that j M s 3, L M s S M ( I [ 1 for i s 1, 3 and˜i i H 1
Ž . Ž .L M s S M ( 2.2 2
Ž . Ž . Ž .iii V I rI s U 1 , 2, 1 .˜ ˜X H H 1 1
Ž . Ž . Ž .Ž .Proof. i Easy by 1.1 and 1.2 i .
Ž . Ž . Ž . Ž .Ž . Ž .Ž . wii ] iii We get the assertions from i , 1.2 ii , 1.2 iv , 24, I
Ž .Proposition 14.8, II, Theorem 12.4 ii , 27, Chap. 4, Theorem 7.5, Theorem
x8.4, Corollary 8.5, 32, Proposition 3.1 , and Green correspondences.
Ž . Ž .2. PRELIMINARY RESULTS ON GL q AND GL q4 5
˜Ž . Ž .2.1 LEMMA. There are elements a and b in GL q which satisfy the˜ 2
following:
˜ 2Ž . < <i b s q y 1.
y1˜ ˜qŽ . < <ii a s 2 and a ba s b .˜ ˜ ˜
˜Ž . Ž Ž .. ² :iii Z GL q n b .2
˜ y1 rŽ . ² : Ž Ž .. Ž .iv If x g b _ Z GL q , y g GL q , and y x y s x for0 2 0 2 0 0 0 0
some integer r G 1, then x r s x or x r s x q.0 0 0 0
˜ ˜Ž . ² : Ž Ž .. Ž . ² :v If x g b _ Z GL q , then C x s b .0 2 G L Žq. 02
˜ 2Ž . < Ž² :. < Ž .vi N b s 2 q y 1 .G L Žq.2
Ž . Ž 2 .vii There is an element w g GL q , such that2
« 01y1˜w bw s .ž /0 «2
wProof. See, for instance, 7, p. 229, Proof of Step 1, 10, Chap. 2,
xTheorem 8.3 .
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In the rest of this section we assume that
q is a power of a prime such that q ’ 2 or 5 mod 9 . )Ž . Ž .
˜Notation. Let I be the unit matrix of degree 2, and let a, b be the˜2
Ž .same as in 2.1 . Now, let
0 I ˜0 a a 0˜ ˜2 b 0u s , ¤ s , a s , b s ,I 0 0 Iž / ž / ž /ž / 0 II 0 2 2 22
I 0 m˜2 b 0m² :c s , D s u , ¤ , x s b s ,ž /ž / 0 I˜ 20 b
I 02my s c s uxu s ,
mž /˜0 b
Ž 2 . ² :where m s q y 1 r3, and let P s x, y .
Ž . Ž . Ž . < < < < < < 22.2 LEMMA. i u, ¤ , a, b, c g GL q , a s 2, b s c s q y 1,4
aba s bq.
Ž . y1 y1 y1 q y1 y1ii u bu s c, u cu s b, ¤ b¤ s c , ¤ b¤ s b, u xu s y,
y1 y1 2 y1 < < < < y1 y1u yu s x, ¤ x¤ s y , ¤ y¤ s x, u s 2, ¤ s 4, u ¤u s ¤ , D s
² :u, ¤ ( D .8
Ž . ² : ² : Ž Ž ..iii P s x = y ( C = C and P g Syl GL q .3 3 3 4
Ž . Ž . Ž . Ž 2 . Ž .iv C b s C x ( GL q = GL q .G L Žq. G L Žq. 1 24 4
Ž . Ž . Ž . Ž . Ž 2 .v C c s C y ( GL q = GL q .G L Žq. G L Žq. 2 14 4
Ž . Ž . Ž . Ž Ž 2 . .vi C bc s C xy ( C = GL q rC .G L Žq. G L Žq. 3 2 34 4
Ž . Ž . Ž . Ž .vii C P s C x l C y s T.G L Žq. G L Žq. G L Žq.4 4 4
Ž . Ž Ž .. Ž .viii C C P s C P s T.G L Žq. G L Žq. G L Žq.4 4 4
Ž . Ž . Ž . Ž . Ž .2 2ix N P ( C = C : D , and N P rC PG L Žq. q y1 q y1 8 G L Žq. G L Žq.4 4 4
( D ( D .8
Ž .x The number of conjugacy classes of all elements of order 3 in
Ž .GL q is two, and x and xy are representati¤es of these two conjugacy classes.4
Ž . Ž . Ž . Ž .2 2xi C x l N P ( C = C : C .G L Žq. G L Žq. q y1 q y1 24 4
Ž . Ž . Ž . Ž .2 2xii C xy l N P ( C = C : C .G L Žq. G L Žq. q y1 q y1 24 4
Ž .Ž . Ž .Ž .Proof. The assertions are obtained by 2.1 i , 2.1 v , and a result of
Ž w Ž .x w x.Green see 9, Proposition i or 11, Lemma 2.1 .
˜Ž . Ž . Ž . Ž .2.3 LEMMA. Let G s GL q , H s N P , and H s HrO H .4 G 39
3 3 ˜Ž . Ž . ² : ² : Ž² : ² :. ² :i O H s b = c and H ( x = y : u, ¤ ( P : D .39 8
˜ ˜Ž . Ž . Ž .  4ii B RH ( B RH s RH as R-algebras for R g O, F .0 0
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Ž .Ž . Ž .Ž . Ž wProof. Easy by 2.2 ix and 2.2 ii see also 8, Chap. X, Theo-
Ž .x.rem 1.5 i .
Ž . Ž . Ž .2.4 LEMMA. Let G s GL q and H s N P , and let S be the4 G 3
symmetric group on three letters. The finite groups G and G below ha¤ex x y
cyclic Sylow 3-subgroups of order 3 such that they are not 3-nilpotent.
Ž . Ž . Ž Ž .. Ž . Ž Ž ..i C x rO C x ( C = G and C x rO C x (G 39 G 3 x H 39 H
C = S .3 3
Ž . Ž . Ž Ž .. Ž . Ž Ž ..ii C xy rO C xy ( C = G and C xy rO C xy (G 39 G 3 x y H 39 H
C = S .3 3
Ž . w Ž .xProof. Easy by 2.2 and 8, Chap. X, Theorem 1.5 i .
Ž . Ž . Ž . Ž .Ž . Ž .Ž .2.5 LEMMA. Let G s GL q and H s N P . By 2.3 ii and 1.2 ii ,4 G
Ž Ž ..  4we can write IBr B H s I , 1 , 1 , 1 , 2 .0 H 1 2 3
Ž . Ž .i It holds that H has a subgroup N containing O H such that39
< < Ž . Ž . Ž .H : N s 6 and that M s Scott N s Scott X s P I , where M sH H X H
Ž .Ž .I › H and M has the same structure as in 1.3 ii .N
Ž . Ž . Ž .ii V I rI s U 1 , 2, 1 .X H H 1 1
Ž . Ž .Ž . Ž . w xProof. Easy by 2.3 , 1.3 ii ] iii , and 32, Proposition 3.1 .
Ž . Ž .Notation. Since GL q is considered as a subgroup of GL q via4 5
GL q t0Ž .4GL q ( : GL q ,Ž . Ž .4 5ž /0 1
Ž .we can consider a, b, c, u, ¤ , x, and y as elements in GL q , and5
² : ² : Ž .P s x = y : GL q . Let5
I 04t s ž /0 g
= ² : ² : ² :where g is a generator of F , and let T s b = c = t .q
Ž . Ž . ² : ² : Ž Ž ..2.6 LEMMA. i P s x = y ( C = C and P g Syl GL q .3 3 3 5
Ž . Ž . Ž 2 . Ž .ii C x ( GL q = GL q .G L Žq. 1 35
Ž . Ž . Ž . Ž 2 .iii C y ( GL q = GL q .G L Žq. 3 15
Ž . Ž . Ž . Ž Ž 2 . . Ž .iv C bc s C xy ( C = GL q rC = GL q .G L Žq. G L Žq. 3 2 3 15 5
Ž . Ž . 2 2v C P s T ( C = C = C .G L Žq. q y1 q y1 qy15
Ž . Ž Ž .. Ž .vi C C P s C P s T.G L Žq. G L Žq. G L Žq.5 5 5
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Ž . Ž . Ž .2 2vii N P ( C = C = C : D ,G L Žq. q y1 q y1 qy1 85
Ž . Ž .N P rC P ( D ( D .G L Žq. G L Žq. 85 5
Ž . Ž .Ž .viii The same as in 2.2 viii holds.
Ž . Ž . Ž . Ž .2 2ix C x l N P ( C = C : C = C .G L Žq. G L Žq. q y1 q y1 2 qy15 5
Ž . Ž . Ž . Ž .2 2x C xy l N P ( C = C : C = C .G L Žq. G L Žq. q y1 q y1 2 qy15 5
Ž . Ž . Ž .2.7 LEMMA. For G s GL q and H s N P , the same assertions5 G
Ž .hold as in 2.4 .
Ž .3. 3-MODULAR REPRESENTATIONS OF GL q4
Ž .In this section we give results on 3-modular representations of GL q ,4
w x w xusing results of Fong and Srinivasan 9 , and Dipper and James 6, 15, 16 .
w Ž . Ž .xNotation and Assumption. We use notation following 6, 3.1 and 7.2 .
Ž . =2We assume ) , and we write v for a primitive 3rd root of unity in F .q
Ž . Ž . Ž .3.1 PROPOSITION. Let G s GL q for q in ) . The 3-decomposition4
Ž .matrix for B G has the form0
Ž w x. Ž w x. Ž w 2 x. Ž w 2 x. Ž w 4 x.D 1, 4 D 1, 3, 1 D 1, 2 D 1, 2, 1 D 1, 1F F F F F
Ž w x.S 1, 4 1 ? ? ? ?K
Ž w x.S 1, 3, 1 1 1 ? ? ?K
2Ž w x.S 1, 2 ? 1 1 ? ?K
2Ž w x.S 1, 2, 1 1 1 1 1 ?K
4Ž w x.S 1, 1 1 ? ? 1 1K
Ž w x.S v, 2 ? ? 1 ? ?K
2Ž w x.S v, 1 ? ? ? ? 1K
S ? ? ? 1 ?8
S ? ? 1 1 19
Ž Ž w x. Ž w x.. Ž Ž w 2 x.where S s S 1, 2 ( S v , 1 › G and S s S 1, 1 (8 K K 9 K
Ž w x.. Ž .S v, 1 ›G. All simple FG-modules in B G are self-dual.K 0
Ž . Ž . Ž . Ž w x. Ž w x.3.2 LEMMA. i For G s GL q , M v , 2 s S v , 2 s4 F F
Ž w x. Ž w 2 x.D v, 2 ( D 1, 2 .F F
Ž . Ž . Ž w 2 x. Ž w 2 x. Ž w 4 x.ii For G s GL q , S v, 1 s D v, 1 ( D 1, 1 .4 F F F
Ž . Ž . Ž w x. Ž w x. Ž w x.iii For G s GL q , M v , 1 s S v , 1 s D v , 1 (2 F F F
Ž w 2 x.D 1, 1 .F
w Ž . Ž .Proof. Easy by 15, 3.6. Theorem 7.19. Theorem iii , 8.1. Theorem vii ,
Ž . Ž .Ž . Ž .xviii , 16, p. 258, 6, 6.2. Theorem, 3.1 v and 7.3 .
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Ž . Ž .Proof of 3.1 . We get all simple FG-modules in B G from results of0
w Ž .x w Ž . Ž .Ž .Fong and Srinivasan 9, Theorem 7A and Dipper]James 6, 7.2 , 7.1 i ,
x Ž w x.7.11. Theorem, 7.13. Corollary see also 17, 2.7.16 Theorem . We obtain
w Ž .Ž . xthe 1st]5th rows in the matrix as desired by 6, 3.1 v , 16, p. 253 . Then,
w Ž .Ž .we get the 6th and 7th rows from 6, 6.2. Theorem, p. 42, 3.1 v , 16, p.
x Ž .Ž . Ž .225, 3.3. Definition, p. 258 , and 3.2 i ] ii . We finally get the 8th and 9th
w x wrows from 16, p. 253 , the Littlewood]Richardson rule 6, 7.4. Construc-
x w x w Ž .Ž .xtion, Step 4, p. 46 , and 17, p. 436, I.G . The rest is easy by 14, 11.12 iii .
Ž .4. 3-MODULAR REPRESENTATIONS OF GL q5
In this section we list the 3-decomposition matrix of the principal
Ž . w x3-block of GL q , which is from the results due to Fong and Srinivasan 95
w x Ž .and Dipper and James 6, 15, 16 as in 3.1 . Let v be the same as in
Section 3.
Ž . Ž . Ž .4.1 PROPOSITION. Let G s GL q for q in ) . The 3-decomposition5
Ž .matrix for B G has the form0
Ž w x. Ž w x. Ž w 2 x. Ž w 2 x. Ž w 5 x.D 1, 5 D 1, 3, 2 D 1, 3, 1 D 1, 2 , 1 D 1, 1F F F F F
Ž w x.S 1, 5 1 ? ? ? ?K
Ž w x.S 1, 3, 2 ? 1 ? ? ?K
2Ž w x.S 1, 3, 1 1 1 1 ? ?K
2Ž w x.S 1, 2 , 1 ? 1 1 1 ?K
5Ž w x.S 1, 1 1 ? 1 ? 1K
S ? ? 1 ? ?6
S ? ? 1 1 17
S ? ? ? 1 ?8
S ? ? ? ? 19
Ž Ž w x. Ž w x.. Ž Ž w 3 x. Ž w x..where S s S 1, 3 (S v, 1 ›G, S s S 1, 1 (S v, 1 ›G,6 K K 7 K K
Ž Ž w x. Ž w x.. Ž Ž w x. Ž w 2 x..S s S 1, 1 (S v, 2 ›G, and S s S 1, 1 (S v, 1 ›G, and8 K K 9 K K
Ž .all simple FG-modules in B G are self-dual.0
5. LEMMAS
In this section we list several lemmas.
Ž . Ž . Ž . Ž .Notation. We use the notation S s, l , S s, l , D s, l , and M s, lK F F F
w Ž . xfollowing 6, 3.1 , 15, p. 240 . Let v be the same as in Sections 3 and 4.
PRINCIPAL 3-BLOCKS 797
Ž . Ž .  4  45.1 LEMMA Alperin]Dade . Let R g O, F and n g 4, 5 . Then,
Ž w Ž .x. Ž w Ž .x.there are R-algebra-isomorphisms B R GL q ( B R SL q (0 n 0 n
Ž w Ž .x. Ž w Ž .x.B R PSL q , where the first isomorphism is ¤ia restriction see 12, 4.3 ,0 n
and the abo¤e isomorphisms induce Puig equi¤alences between these three
blocks.
w x wProof. Easy by results of Alperin 1, Theorems 1 and 2 and Dade 4,
xTheorem .
Ž . Ž . 1 Ž .5.2 LEMMA. If G s GL q and n s 4 or 5, then Ext I , I s 0.n F G G G
Ž . w xProof. Easy by 5.1 and 24, I Corollary 10.13 .
Notation. For a partition l of n we write Pq for a parabolic subgroupl
Ž . Ž w x.of GL q with respect to l see 14, Section 6, p. 28, 15, p. 238 .n
Ž . Ž . qn5.3 LEMMA. Let G s GL q and P s P .n w1 x
Ž . Ž w n x. Ž w n x.i M 1, 1 s I ›G and M 1, 1 is a projecti¤e FG-module.F P F
Ž . Ž Ž w x.. Ž . Ž w n x.ii The multiplicity of P D 1, n s P I in M 1, 1 is exactlyF G F
one.
w xProof. Easy by 14, p. 28, 15, 4.2. Definition .
Ž . Ž . Ž . Ž w x. Ž w x.5.4 LEMMA. Let G s GL q . i M 1, 4 s S 1, 4 s4 F F
Ž w x.D 1, 4 s I .F G
Ž . Ž w x. Ž Ž w x. Ž w x..ii S 1, 3, 1 s U D 1, 3, 1 , D 1, 4 .F F F
Ž . Ž w 2 x. Ž Ž w 2 x. Ž w x..iii S 1, 2 s U D 1, 2 , D 1, 3, 1 .F F F
Ž . Ž w 4 x. Ž Ž w 4 x. Ž w 2 x. Ž w x..iv S 1, 1 s U D 1, 1 , D 1, 2, 1 , D 1, 4 .F F F F
Ž . Ž w x. Ž Ž w x. Ž w x. Ž w x..v M 1, 3, 1 s U D 1, 4 , D 1, 3, 1 , D 1, 4 .F F F F
Ž . Ž w 4 x. Ž .  Ž Ž w x..4vi M 1, 1 s P I [ 2 = P D 1, 3, 1 .F G F
Ž . w Ž .Proof. i Easy by 15, p. 241, 7.19. Theorem iii , 7.23. Definition,
Ž .x7.25. Theorem ii .
Ž . Ž . w Ž .xii This follows from 3.1 and 15, 7.36. Theorem 8.1. Theorem v .
Ž . Ž .iii Similar to ii .
Ž . Ž w 4 x. Ž . Ž . Ž w 4 x.iv Let S s S 1, 1 . As in ii ; L S ( D 1, 1 and S sF 1 F
Ž w x. Ž w 2 x. Ž w 4 x. Ž .D 1, 4 q D 1, 2, 1 q D 1, 1 as composition factors . Now, S ¤F F F
Ž w 4 x. w Ž .x w Ž .x Ž .M 1, 1 by 15, 7.19. Theorem iii . Hence, by 5, 4.5 , S S (F 1
Ž w x.D 1, 4 .F
Ž . Ž w x. Ž w x. w Ž .Ž .v Let M s M 1, 3, 1 and S s S 1, 3, 1 . By 5, 4.2 i , 15,F F
Ž . Ž .x Ž w x. Ž7.19. Theorem iii , 8.1. Theorem viii , S ¤ M and MrS ( D 1, 4 seeF
w x. Ž . w Ž . x Ž .14, 15.13 . Hence, ii , 22, 1.1 Lemma , and 5.2 imply that M s
Ž w x . Ž Ž w x . Ž w x . .D 1 , 4 [ U D 1 , 3 , 1 , D 1 , 4 , o rF F F
Ž Ž w x. Ž w x. Ž w x.. Ž w 4 x. wU D 1, 4 , D 1, 3, 1 , D 1, 4 . We know M ¤ M 1, 1 by 15, p.F F F F
x Ž . Ž . Ž .Ž . Ž .254, line 1 . Hence, I [ I ƒ S M from 5.3 i ] ii .G G 1
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Ž . Ž . w Ž .Ž . Ž . Ž .vi This follows from 5.3 , 5, 4.2 i , 15, 8.1. Theorem x , xi , 7.36
Ž .Theorem, and 3.1 .
Ž . Ž . ² : Ž5.5 LEMMA. For G s GL q and X s x ( C see Sections 14 3
. Ž w x. Ž Ž w x. Ž w x. Ž w x..and 2 , we ha¤e that M 1, 3, 1 s U D 1, 4 , D 1, 3, 1 , D 1, 4 sF F F F
Ž . Ž q . Ž . Ž w x.qI ›G s P I s Scott P ( Scott X and S 1, 3, 1 sP X G G w3, 1x G Fw3, 1x
Ž w x. Ž .M 1, 3, 1 ? J FG .F
wProof. Easy by 14, Section 6, p. 28, 15, lines 2]3, p. 241 and 7.19.
Ž .x Ž .Ž . x wTheorem iii , 5.4 v , 27, Chap. 4, Theorem 8.4, Corollary 8.5 , and 32,
xProposition 3.1 .
Ž . Ž . Ž . Ž w x. Ž w x. Ž w x.5.6 LEMMA. Let G s GL q . i M 1, 5 s S 1, 5 s D 1, 55 F F F
s I .G
Ž . Ž w x. Ž w x.ii S 1, 3, 2 ( D 1, 3, 2 .F F
Ž . 1 Ž Ž w x.. 1 Ž Ž w x. Ž w x..iii Ext I , D 1, 3, 2 s 0, Ext D 1, 5 , D 1, 3, 2 s 0.F G G F F G F F
Ž . Ž w x. Ž w x. Ž w x. Ž w x.iv M 1, 3, 2 ( I ›G ( D 1, 5 [ D 1, 3, 2 [ D 1, 4, 1F P F F F
q Ž w x. Ž .where P s P , so that M 1, 3, 2 ? 1 ( I ›G ? 1 ( I [w3, 2x F B ŽF G. P B ŽF G. G0 0
Ž w x.D 1, 3, 2 .F
Ž . Ž . Ž .Ž . w xProof. i and ii are easy by 4.1 iii and 15, 7.36. Theorem .
Ž . Ž w x. Ž . w Ž .xiii Let I s I and D s D 1, 3, 2 . By ii and 15, 7.33 , D isG F
Ž .Ž . Ž .self-dual. By 4.1 v , the Cartan invariant of B FG with respect to I and0
w Ž . Ž .x 1 Ž .D is one. Let H s P I ? J FG rI. Suppose Ext I, D / 0. Then, byF G
< Ž . < Ž . <the self-dualities, D L H and D S H , so that D H, contradicting a1 1
w xtheorem of Webb 33, Theorem E .
Ž . Ž w x. w xiv Let M s M 1, 3, 2 . By 15, lines 2]3, p. 241 , M s I ›G. ByF P
w Ž .x Ž . Ž .15, 7.19. Theorem iii , ii and i , there is a series M s M q M q M0 1 2
Ž w x.q M s 0 of FG-submodules of M such that M ( D 1, 3, 2 and that3 2 F
 4  Ž w x.4 Ž w x. Ž .M rM , M rM s I, S 1, 4, 1 . Let S s S 1, 4, 1 and J s J FG .0 1 1 2 F F
w Ž . Ž .xBy 15, 7.23. Definition and 7.25. Theorem ii , iii , S has a unique
Ž w x.maximal submodule SJ such that SrSJ ( D 1, 4, 1 and all compositionF
Ž .Ž .factors of SJ are isomorphic to I if SJ / 0. Hence SJ s 0 by 4.1 ii , so
Ž w x. Ž w x. Ž . Ž .that S 1, 1, 4 s D 1, 1, 4 . Thus, iii implies iv .F F
Ž .5.7 LEMMA. Assume that G is a finite group with a cyclic Sylow
 4 Ž . Ž .3-subgroup D of order 3. Let R g O, F , H s N D , A s B RG , andG 0
Ž .B s B RH .0
Ž .i All simple RG-modules in A ha¤e tri¤ial sources.
Ž . Ž .ii The Green correspondence with respect to G, D, H gi¤es a Morita
Ž .e¤en Puig equi¤alence between A and B modulo projecti¤es. More precisely,
ym M gi¤es a Morita equi¤alence between mod-A and mod-B, where M is aA
non-projecti¤e indecomposable direct summand of 1 ? RG ? 1 as anA B
Ž .A, B -bimodule.
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Proof. Assume first R s F. Then, we get the assertion by Green
w xcorrespondences, and results of Dade]Janusz]Kupisch 8, Chap. IV, VII ,
w Ž . Ž .x w xLinckelmann 25, Theorem 2.1 i , iii , and 26, 1.6. Theorem . So, we get it
w xfor R s O by 30, Theorem 5.1 .
Ž . Ž . Ž w x. Ž w x.5.8 LEMMA. For G s GL q , it follows that M v, 1 s S v, 12 F F
Ž w x. Ž w 2 x. Ž w 2 x.s D v, 1 ( D 1, 1 as FG-modules, and D 1, 1 has a tri¤ialF F F
source.
Ž .Ž . w Ž . Ž .xProof. Easy by 3.2 iii , 15, 7.23 and 7.25. Theorem ii , iii , and
Ž .Ž .5.7 i .
Ž . Ž . w x5.9 LEMMA. Let G s GL q , and let l s l , . . . , l be a partition ofn 1 k
Ž i. w Ž .x Ž1. Žk .n and M an F GL q -module for each i. Then, M ( ??? ( M can beliw qx Ž w x. Ž i.regarded as an F P -module see 15, p. 238 . If M is a permutationl
w Ž .x Ž Ž1. Žk ..F GL q -module for all i, then M ( ??? ( M ›G is a permutationli
FG-module.
Let s be a non-zero element of degree d o¤er F , and let n s dk. Ifq
Ž w x. w Ž .x Ž w k x.M s, 1 is a tri¤ial source F GL q -module, then M s, 1 is a permu-F d F
tation FG-module.
w xProof. This follows from 15, 4.2. Definition and 3.6. Theorem .
Ž . Ž . Ž w 2 x. Ž w 2 x.5.10 LEMMA. For G s GL q , we ha¤e M v, 1 ( D 1, 2 [4 F F
Ž w 4 x.D 1, 1 .F
Ž w 2 x. w Ž .xProof. Let M s M v, 1 . By 15, 7.19. Theorem iii , M has aF
Ž w x. Ž w 2 x.submodule M9 such that MrM9 ( S v, 2 and M9 ( S v, 1 . Hence,F F
Ž .Ž . Ž . Ž w 2 x. Ž w 4 x.by 3.2 i ] ii , MrM9 ( D 1, 2 and M9 ( D 1, 1 . We get theF F
w x Ž .Ž . Ž .assertion by 15, 6.1. Definition, line 1, p. 254 , 3.2 i , and 3.1 .
Ž . Ž . Ž w x.5.11 LEMMA. For G s GL q , it follows that D 1, 4 s I ,4 F G
Ž w 2 x. Ž w 2 x. Ž w 4 x.D 1, 2 , D 1, 2, 1 , and D 1, 1 ha¤e tri¤ial sources.F F F
Ž . Ž .Ž . Ž w 2 x. Ž w x.Proof. By 5.8 and 3.2 ii , D 1, 1 s S v, 1 and this has aF F
Ž . Ž Ž w x. Ž w x..trivial source. So, by 5.9 , S 1, 2 (S v, 1 ›G is a permutationF F F P
q Ž . w x Ž w 2 x.2module, where P s P . By 3.1 and 15, 7.36. Theorem , D 1, 2, 1 (w2 x F
Ž Ž w x. Ž w x.. Ž w 2 x.S 1, 2 (S v, 1 ›G, so that D 1, 2, 1 has a trivial source. ByF F F P F
Ž . Ž . Ž w 2 x. Ž w 2 x.5.8 and 5.9 , M v, 1 is a permutation module. Thus, D 1, 2 andF F
4Ž w x. Ž .D 1, 1 have trivial sources by 5.10 .F
Ž . Ž . Ž .5.12 LEMMA. For G s GL q , all simple FG-modules in B G ha¤e5 0
tri¤ial sources.
Ž .Ž . Ž w x. Ž . Ž .Proof. By 5.6 iv , D 1, 3, 2 has a trivial source. By 3.4 , 5.8 , andF
Ž . Ž Ž w x. Ž w x.. q5.9 , S 1, 3 (S v, 1 ›G is a permutation module. Hence,F F F w P xw3, 2x
Ž w 2 x. Ž . Ž .Ž . Ž . Ž .D 1, 3, 1 has a trivial source by 4.1 . By 3.2 i , 5.11 , and 5.9 ,F
Ž Ž w x. Ž w x.. qS 1, 1 ( S v , 2 ›G is a permutation module. Thus,F F F w P xw1, 4x
Ž w 2 x. Ž . Ž .Ž . Ž .D 1, 2 , 1 has a trivial source by 4.1 . Similarly, by 3.2 ii , 5.11 , andF
5Ž . Ž w x.4.1 , D 1, 1 has a trivial source.F
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We use the terminology stable equi¤alence of Morita type following Broue´
w x3, Sect. 5 .
Ž . Ž . Ž .5.13 LEMMA. Let G s GL q or GL q . Let M be a non-projec-4 5 A B
Ž .ti¤e indecomposable direct summand of 1 ? FG ? 1 as an A, B -bimoduleA B
˜Ž . Ž .with ¤ertex D P ; that is, M is the Green correspondent f A of A ,A A A A
˜ ˜where f is the Green correspondence f : G = G “ G = H with respect to
Ž Ž . .G = G, D P , G = H . Then, ym M induces a stable equi¤alence of MoritaA
type between A and B.
Proof. Let Q be a subgroup of P with Q / 1. We can define the
Ž . Ž . Ž . Ž .Green correspondence f : C Q = C Q “ C Q = C Q withQ G G G H
Ž Ž . Ž . Ž . Ž . Ž .. Ž .respect to C Q = C Q , D P , C Q = C Q . Let A Q sG G G H
Ž w Ž .x. Ž . Ž w Ž .x. Ž .B F C Q and B Q s B F C Q . By a result of Green, A Q is0 G 0 H
w Ž . Ž .x Ž .an indecomposable F C Q = C Q -module with vertex D P . So, letG G
Ž . Ž Ž ..M Q s f A Q . We want to claim thatQ
w ym M Q gives a Morita equivalenceŽ . Ž .AŽQ.
between A Q and B Q .Ž . Ž .
Ž .Ž . Ž .Ž .Assume Q ( C . We may assume from 2.2 x and 2.6 viii that3
² : ² : ² :Q s x or xy . Let Y s y as in Section 2.
Ž .First, suppose G s GL q .4
² : Ž .Ž . w Ž .Case 1. Q s x . By 2.4 i and 8, Chap. IV, Lemma 4.12 ii and
Ž .x Ž . Ž .Chap. X, Theorem 1.5 i , A Q ( FY m B FL for a finite group L such0
² : Ž . Ž .that L is not 3-nilpotent, Q s x g Syl L , and B Q ( FY m3
˜Ž w Ž .x. Ž .Ž . Ž . Ž . Ž .B F N Q . By 5.7 ii , B FL x L = N Q s M [ proj for a0 L 0 L=L L
˜Ž Ž . Ž w Ž .x.non-projective indecomposable B FL , B F N Q -bimodule M with0 0 L
˜Ž .vertex D Q such that ym M induces a Morita equivalence betweenB ŽFL.0
Ž . Ž w Ž .x. Ž Ž .. Žw xB FL and B F N Q . Then, FY m B FL x Y = L =0 0 L 0 wY=L x=wY=L x
˜ ˜w Ž .x. Ž . Ž Ž ..Y = N Q s FY m M [ FY m proj . Let M s FY m M. Then, ML
Ž Ž . Ž w Ž .x..is indecomposable as an FY m B FL , FY m B F N Q -bimodule0 0 L
Ž wsee 27, Chap. 1, Theorem 5.10; Chap. 2, Theorem 3.15; Chap. 2, Problem
x. Ž . Ž . Ž . Ž .21 . Hence, A Q xC Q = C Q s M [ proj , and weC ŽQ.=C ŽQ. G HG G
Ž Ž . Ž .. Ž .Ž .may consider M as an indecomposable A Q , B Q -bimodule by 2.2 iv ,
Ž .Ž . Ž .Ž . Ž Ž ..2.2 xi , and 2.4 i . Thus, f A Q ( M by a theorem of Krull]Schmidt.Q
˜ Ž .Since ym M induces a Morita equivalence between B FL andB ŽFL. 00
Ž w Ž .x.B F N Q , we get that ym M induces a Morita equivalence be-0 L AŽQ.
Ž . Ž .tween A Q and B Q .
² : Ž . Ž .Ž . Ž .Ž .Case 2. Q s xy . As in Case 1, we obtain w by 2.4 ii , 2.2 vi , and
Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž .2.2 xii instead of 2.4 i , 2.2 iv , and 2.2 xi , respectively.
Ž . Ž . Ž . Ž .Second, suppose G s GL q . We get w by 2.6 and 2.7 instead of5
Ž . Ž .2.2 and 2.4 , respectively.
w x Ž wThen, the assertion follows by Broue 3, 6.3. Theorem see 30, Theo-´
x.rem 4.1 .
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6. GREEN CORRESPONDENTS OF SIMPLES
Ž .FOR GL q4
In this section, we investigate Green correspondence of simple
w Ž .xF GL q -modules.4
Ž .Notation. Throughout this section except in 6.5 , we use the following
Ž . Ž .notation. Let G s GL q for q which satisfies ) . We use the same4
˜ Ž . Ž .notation H, x, y, P, and X as in Section 1. Let H s N P , A s B FG ,G 0
Ž .and B s B FH , and let f : G “ H be the Green correspondence with0
Ž .respect to G, P, H .
˜Ž . Ž . w x6.1 LEMMA. B s B FH ( FH s F P : D , as F-algebras.0 8
Ž .Ž . w Ž .xProof. Easy by 2.2 ix and 8, Chap. X, Theorem 1.5 i .
Ž . Ž . Ž .  Ž w x.Notation. By 6.1 , 3.1 , we can write IBr A s I s D 1, 4 ,G F
Ž w x. Ž w 2 x. Ž w 2 x. Ž w 4 x.4 Ž .D 1, 3, 1 , D 1, 2 , D 1, 2, 1 , D 1, 1 , and IBr B sF F F F
 4I , 1 , 1 , 1 , 2 .H 1 2 3
Ž .6.2 LEMMA. All simple FG-modules in A and all simple FH-modules in
B ha¤e P as their ¤ertices.
w xProof. Easy from a theorem by Knorr 19, 3.7 Corollary .¨
Ž .6.3 LEMMA.
w Ž .x w Ž .x Ž .l dim D 1, l dim D 1, l mod 3F F F F
w x4 1 1
3 2w x3, 1 q q q q q y 1 1
2 4 3w x2 q y q y q q 1 1
2 5 3 2w x2, 1 q q q y q y 1 y1
4 6 5 3 2w x1 q y q y q q q 1
w Ž .x Ž .Proof. Easy by 15, 7.19. Theorem i and 3.1 .
Ž . Ž . Ž Ž w x.. Ž .6.4 LEMMA. i f D 1, 4 s f I s I .F G H
Ž . Ž Ž w 2 x..ii f D 1, 2, 1 ( 2.F
Ž .  Ž Ž w 2 x.. Ž Ž w 4 x..4  4 Ž Ž w 2 x..iii f D 1, 2 , f D 1, 1 : 1 , 1 , 1 , f D 1, 2 \F F 1 2 3 F
Ž Ž w 4 x..f D 1, 1 .F
Ž Ž w 2 x.. ŽŽ Ž w 2 x..Proof. Let U s f D 1, 2 , V s f D 1, 2, 1 , and W sF F
Ž Ž w 4 x.. wf D 1, 1 . By Brauer et al. 27, Chap. 5, Theorems 3.8 and 3.10,F
x Ž .Corollary 3.11, Theorem 3.12 , U, V, and W are all in B. By 5.11 and a
w xresult of Okuyama 28, Lemma 2.2 , U, V, and W are non-isomorphic
 4  4 Ž .Ž .simple FH-modules. Hence, U, V, W : 1 , 1 , 1 , 2 by 1.2 ii . By Sylow’s1 2 3
< < Ž . Ž .theorem, G : H ’ 1 mod 3 . Thus, dim M ’ dim gM mod 3 for anyF F
Ž .indecomposable FH-module M in B with vertex P. So, by 6.3 , V ( 2 and
 4  4U, W : 1 , 1 , 1 .1 1 3
KOSHITANI AND MIYACHI802
Ž . Ž Ž w x.. Ž . Ž .6.5 LEMMA. f D 1, 3, 1 ( V I rI s U 1 , 2, 1 , so thatF X H H 1 1
Ž Ž w x..f D 1, 3, 1 is uniquely determined independently of q.F
Ž . Ž .Ž .Proof. Let V s V I rI . By 2.5 ii , V is an indecomposable FH-X H H
Ž . Ž . Ž . Ž Ž .module with vertex P and V s U 1 , 2, 1 . By 5.5 , V I s Ker P I1 1 X G X G
. Ž w x. Ž Ž w x. Ž w x..‚ I s S 1, 3, 1 s U D 1, 3, 1 , D 1, 4 . Hence, we get the asser-G F F F
w xtion by a result of Kunugi 23, Proposition 2.2 .
Ž . Ž . Ž Ž w 2 x. Ž Ž w 4 x.6.6 LEMMA. It follows that a f D 1, 2 s 1 and f D 1, 1 sF 2 F
Ž . Ž Ž w 2 x.. Ž Ž w 4 x..1 ; or b f D 1, 2 s 1 and f D 1, 1 s 1 .3 F 3 F 2
Ž .  y1 4 w 2 xProof. Let x s x G, P, H s a Pa l P ‹ a g G _ H , l s 2 or
w 4 x Ž w x. Ž . w x1 , S s D 1, 3, 1 , and T s D 1, l . By 24, II Corollary 5.8 , everyF F
FH-homomorphism from fS to fT is x-projective.
Ž .Suppose fT ( 1 . By 6.5 , there is an FH-epimorphism b : fS “ fT ( 1 ,1 1
Ž .which is x-projective. Let U s fS x P and I s I . Hence, b x P : U “P
Ž . Ž . Ž . Ž .1 x P s I is also x-projective. By 6.5 , j U s 3, L U ( L U ( I, and1 1 3
Ž . w Ž . xL U ( I [ I. By 22, 1.1 Lemma , all x-projective indecomposable2
Ž . Ž . Ž . Ž .FP-modules are FP, V, and U I, I, I , where j V s 4, L V ( L V ( I,1 4
Ž . Ž .and L V ( L V ( I [ I. So, there is an indecomposable FP-module2 3
M such that M is one of the above three modules and that b x P s d (g
where g : U “ M and d : M “ I are FP-homomorphisms. Since b x P / 0,
Ž . Ž .we have d / 0, so that d is an epimorphism. Hence, M ? J FP : Ker d ,
Ž . Ž . Ž .which implies Im g › M ? J FP . Since Im g s M, g is an epimorphism,
Ž . Ž . Ž .so that 3 s j U G j M . This means M s U I, I, I , a contradiction. So,
Ž .Ž .6.4 iii implies the assertion.
Ž .7. MAIN RESULTS FOR PSL q4
Ž . Ž .In this section we prove our main results 0.3 and 0.4 .
Ž .Notation and Assumption. Throughout this section except 7.3 we use
the same notation as in Section 6, and we assume that q9 also satisfies the
Ž . Ž .same condition as ) , which we call )9 .
Ž . Ž . Ž .7.1 THEOREM. Assume that q and q9 satisfy ) and )9 , respecti¤ely.
Ž w Ž .x. Ž w Ž .x.Then, B F GL q and B F GL q9 are Morita equi¤alent.0 4 0 4
Ž . Ž .Proof. Let G s GL q and G9 s GL q9 . We may consider P g4 4
Ž . Ž . Ž . Ž . Ž .Syl G9 . Let H s N P , H9 s N P , A s B FG , A9 s B FG9 , and3 G G9 0 0
˜ ˜Ž .Ž . Ž . Ž .H s P : D . By 2.3 iii , we can assume that B FH s B FH9 ( FH, so8 0 0
Ž . Ž . Ž .  4let B s B FH s B FH9 . We can write IBr B s I , 1 , 1 , 1 , 2 by˜0 0 H 1 2 3
Ž .Ž . Ž . Ž .1.2 ii . By 5.13 , there is a non-projective indecomposable A, B -bimod-
Ž .ule M with vertex D P such that M ‹ 1 ? FG ? 1 and ym M givesA B A B A B A
Ž .a stable equivalence of Morita type between A and B. Similarly, by 5.13 ,
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Ž . Xwe have a non-projective indecomposable B, A9 -bimodule N withB A9
Ž . Xvertex D P such that N ‹ 1 ? FG9 ? 1 and that ym N9 gives a stableB A9 B A9 B
equivalence of Morita type between B and A9. Let f : G “ H and g 9:
Ž .H9 “ G9 be the Green correspondences with respect to G, P, H and
Ž . wG9, P, H9 . Then, by a result of Brauer et al. 27, Chap. 5, Theorems 3.8,
x3.10, 3.12, Corollary 3.11 , f sends all indecomposable FG-modules in A
with vertex P to indecomposable FH-modules in B with the same vertex,
Ž .and the similar holds for g 9 as well. Hence, we can consider f : Ind A, P
Ž . Ž . Ž . Ž .“ Ind B, P and g 9: Ind B, P “ Ind A9, P , where Ind A, P is the set
of all indecomposable FG-modules in A with vertex P. Then, U m M (A
Ž . Ž . Ž . w Ž .xf U [ proj for any U g Ind A, P as in 29, 3.5 . Similarly, V m N9 (B&
XŽ . Ž . Ž .g 9 V [ proj for any V g Ind B, P . Let MA9 s M m N . Then,A A B A9&
ym M gives a stable equivalence of Morita type between A and A9.A &
w Ž .xThus, by 25, Theorem 2.1 i , M has a unique non-projective indecompos-
Ž .able direct summand M as an A, A9 -bimodule such that ym M gives aA
stable equivalence of Morita type between A and A9.
Ž . w Ž .xTake any simple FG-module S in A. By 6.2 and 25, Theorem 2.1 ii ,
S m M is an indecomposable FH-module in B. Moreover, S m M ‹ SA A&
XŽ Ž . Ž .. Ž .Ž . Ž .m Ms S m M m N9 ( f S [ proj m N9 ( g ( f S [ proj .A A B B
Ž X .Ž .Thus, S m M ( g ( f S . Therefore, I m M ( I . For a partition lA G A G9
Ž . X Ž .of 4, we write D 1, l and D 1, l for simple FG- and FG9-modulesF F
Ž . Ž w 2 x. Ž .corresponding to D 1, l . Then, D 1, 2, 1 m M ( g 9( fF F A
Ž Ž w 2 x.. Ž . X Ž w 2 x. Ž .Ž .D 1, 2, 1 ( g 9 2 ( D 1, 2, 1 by applying 6.4 ii twice. It followsF F
Ž w x. Ž X .Ž Ž w x.. Ž Ž . .that D 1, 3, 1 m M ( g ( f D 1, 3, 1 s g 9 V I rI (F A F X H H
X Ž w x. Ž . Ž .D 1, 3, 1 by applying 6.5 twice. By 6.6 , one of the following four casesF
occurs.
Ž . Ž Ž w 2 x.. y1Ž X Ž w 2 x.. Ž Ž w 4 x..1 f D 1, 2 s 1 s g 9 D 1, 2 , f D 1, 1 s 1 sF 2 F F 3
y1Ž X Ž w 4 x..g 9 D 1, 1F
Ž . Ž Ž w 2 x.. Xy1Ž X Ž w 2 x.. Ž Ž w 4 x..2 f D 1, 2 s 1 s g D 1, 2 , f D 1, 1 s 1 sF 3 F F 2
y1Ž X Ž w 4 x..g 9 D 1, 1F
Ž . Ž Ž w 2 x.. y1Ž X Ž w 4 x.. Ž Ž w 4 x..3 f D 1, 2 s 1 s g 9 D 1, 1 , f D 1, 1 s 1 sF 2 F F 3
Xy1Ž X Ž w 2 x..g D 1, 2F
Ž . Ž Ž w 2 x.. y1Ž X Ž w 4 x.. Ž Ž w 4 x..4 f D 1, 2 s 1 s g 9 D 1, 1 , f D 1, 1 s 1 sF 3 F F 2
Xy1Ž X Ž w 2 x..g D 1, 2F
Ž w 2 x.  X Ž w 2 x. X Ž w 4 x.4 Ž w 4 x.So, D 1, 2 m M g D 1, 2 , D 1, 1 and D 1, 1 m M gF A F F F A
 X Ž w 2 x. X Ž w 4 x.4D 1, 2 , D 1, 1 . Thus, S m M is a simple FG9-module for anyF F A
w Ž .xsimple FG-module S in A. Now, by 25, Theorem 2.1 iii , ym M gives aA
Morita equivalence between A and A9.
Ž . Ž . Ž w Ž .x.7.2 COROLLARY. With the same assumption as in 7.1 B O GL q0 4
Ž w Ž .x.and B O GL q9 are Puig equi¤alent.0 4
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Ž . w xProof. Easy by 7.1 and 26, 1.6 Theorem, 30, Theorem 5.2
Ž .7.3 COROLLARY. Let p s 3, and let F be an algebraically closed field
Ž . Ž . Ž .of characteristic 3. Let G s PSL q for q as in ) , P g Syl G and4 3
Ž . Ž . Ž .H s N P . Then, B FG and B FH are deri¤ed equi¤alent.G 0 0
Ž . Ž .Ž . wProof. Easy by 7.1 , 5.1 ii , and a result of Okuyama 29, Exam-
xple 4.3 .
Ž .8. MAIN RESULTS FOR PSL q5
Ž .In this section we prove our main result C.2 .
Ž . Ž . Ž .8.1 THEOREM. Let G s GL q with the condition ) , and let H s5
Ž . Ž . Ž . Ž .N P where P g Syl G . Then, B OG and B OH are Puig equi¤alent.G 3 0 0
Ž . Ž .Proof. Let A s B FG and B s B FH , and let f : G “ H be the0 0
Ž . Ž .Green correspondence with respect to G, P, H . By 5.13 , there is a
Ž . Ž .non-projective indecomposable A, B -bimodule M with vertex D P such
Ž .that M ‹ 1 ? FG ? 1 as an A, B -bimodule and that ym M induces aA B A B A
stable equivalence of Morita type between A and B. Then, for any
indecomposable FG-module U in A with vertex P, we have U m M (A
Ž . Ž .f U [ proj as right FH-modules.
Ž .Take any simple FG-module S in A. By 6.2 , S has P as its vertex. By
Ž . w x5.12 , S has a trivial source. Thus, a result of Okuyama 28, Lemma 2.2
Ž .implies that f S is simple. Now, S m M is an indecomposable FH-mod-A
w Ž .x Ž . wule by 25, Theorem 2.1 ii . Hence S m M ( f S . So, by 25, TheoremA
Ž .x2.1 iii , ym M gives a Morita equivalence between A and B. Thus, as inA
Ž . w x Ž .the proof of 7.2 , by 26, 1.6 Theorem, 30, Theorem 5.2 , B OG and0
Ž .B OH are Puig equivalent.0
Ž . Ž . Ž .8.2 COROLLARY. Let G s PSL q with the condition ) , and let5
Ž . Ž . Ž . Ž .H s N P where P g Syl G . Then, B OG and B OH are PuigG 3 0 0
equi¤alent.
Ž . Ž . Ž w Ž .xProof. Easy by 5.1 and 8.1 see 26, 5.4 .
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